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1 Integrale mit ax + b

(a # 0)

Hinweis: Im Sonderfall » = 0 erhélt man Integrale von Potenzen, die mit Hilfe der Potenzregel der

Integralrechnung elementar 16sbar sind.

u)J@x+mnw

Fall

~ (ax + b)"*!
 (n+1a
n = —1: siehe Integral (2)

(n# 1)

(2)

Jax-i—b:a

dx 1
— - Inlax + b|

3)

E

(ax + b)"*2  b(ax + b)"*!

ax + b)"dx = -

(n+2)a? (n+ 1)a?

Fall n = —1, —2: siehe Integral (4) bzw. (5)

(n#£-1,-2)

4)

dex _
ax+b

b
i——2-1n|ax+b|
a a

(5)

X dx b

s

1
= +— - Infax + b|

x+b)?2 a’(ax+b) a

x dx 1

b

e

Fall

X+ b)" - (n —2)a?(ax + b)n—2 +

n = 1, 2: siehe Integral (4) bzw. (5)

(n —1)a?(ax + b)r—!

(n #1,2)

(7)

J

(ax + b)"*3  2b(ax + b)"*2  b2(ax + b)"+!

(ax + b)"dx = —

(n+3)al

(n+2)a3 (n+1)a3

Fall n = —1, —2, —3: siehe Integral (8), (9) bzw. (10)

(n ?é _la _27 _3)

(3)

2 dx (ax + b)? _ 2b(ax +b)

[t
ax +b 2a3 al

b2

al

~Injax + b|

©)

x2dx _ ax + b b?

@

x+ b2 ad a’(ax +b)

~Injax + b|

(10)

x2dx 2b b?

I

x+0b)3 ad(ax+b) 2a3(ax + b)2

1
+— - Inlax + b|
P

(11)

x2dx 1

2b b?

J (ax + b)"

T (n-23)a*(ax + b)"3 +

(n — 2)a3(ax + b)"~2

(n #1,2,3). Fall n = 1, 2, 3: siche Integral (8), (9) bzw. (10)

(n = 1)a3(ax + b)r—!

|

ax + b) b

dx 1

ax—l—b’
n
x

dx 1 1

|7

ax+b)2:b(ax+b) p2 "

ax + b
x
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(14) J dx _ a’x? 2ax 1 n ax + b
x(ax +b)3  2b3(ax +b)2 b3(ax +b) b3 x
dx 1 a ax + b
15 | 2 -2
( )sz(ax+b) bx_‘—b2 T ‘
dx a 1 2a ax + b
16 = b |
( )‘[)cz(aerb)2 b2(ax +b) b PER ’
(17)J dx _ (ax+b) 2a(ax—l—b)_£ I ax +b
x3(ax + D) 2b3x2 b3x b3 X
d b)2 3 b 3 3a? b
(IS)J i /x 2:_(ax—1—2) N a(a)j—l—)_ 4ax —L4~lnax+
x3(ax + D) 2b4x b4x b*(ax +b) b X

x"™+tax + b)" nb
m+n+1 m+n+1

. Jx’”(ax +b)" dx (m+n#£ 1)

x™(ax 4 b)"+! mb
(m+n+1)a (m+n+1l)a

(19) Jxm(ax+ b)'dx = . Jxm_l(ax—l—b)”dx (m+n# -1)

x"ax + )" m+n+2 " R
- (1(1_"_1)[)) + nt )b ~Jx (ax + b)" T dx (n #£ —1)

2 Integrale mit ax + b und px +q (a,p # 0)
Abkiirzung:

Hinweis: Es wird stets 4 # 0 vorausgesetzt. Fir 4 = 0 ist px + ¢ = 4 (ax + D).
Die Integrale entsprechen dann dem Integraltyp aus Abschnitt 1.

A
(2OJ ar =41 4 + = - In|px + q|
p p
o | BRI
ax+b)(px+) A ax +b
J _ 1 1 +£.lnpx+q
ax—l—b) (px+ q) A4 |lax+b 4 ax +b

1 1
(ax + b)" (px+q>" T T -4 [(ax+b)m_1 prt
dx

+(m+n—-2a- J ax £ )" pr 7 g

(n# 1)

Fall n = 1: siehe Integral (24)
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(ax + D)™ (ax +b)™ A4 J(a}c—i—b)m_1
24 dx = - | ——d 0
( )J px+gq ) mp +p px +4q N (m #0)
Fall m = 0: siehe Integral (2)
m m m—1
(25)Jde:_ ! (“”b)f_ma.J%dx n £ 1)
(px +q)" (n=1p [(px+q)"! (px+q)"!
Fall n = 1: siehe Integral (24)
x dx 1 [b q
(26) TEDICETY [;-ln|ax+b|f;'ln|px+q|}
x dx 1 b q ax + b
27 = |-—L 4+ 2.1
@ | v pr T a) A[ alax+b) 4 “px+qH
x2 dx b? q? b(bp — 2agq)
2 = S | S e VAN |
(28) (ax+Db)2 (px+q) azA(ax—i-b)—"_A2 {p nlpx+al+ a? n\ax—i—bq

3 Integrale mit a? + x> (a > 0)

dx 1 X
(29) J P Rl arctan (;)
dx X 1 X
(30) J (a2 + x2)2 " 2a2(a? + x2) M PR (;)
dx X 2n — 3 dx
1 = . 1
(31 J(a2+x2)” 2(n—l)az(az—|—xz)"—1)+2(n—1)a2 J(az-i—xz)”‘l (n 71

Fall n = 1: siehe Integral (29)

(32) J%:%Jn(aZ—i-xz)
x dx 1
59 J @ +x2)2 2(a? + x2)
x dx 1
(34) J(GZ+X2)”:_2(n—1)(g2+x2)n71 (n;él)

Fall n = 1: siche Integral (32)

x? dx X
(35) J m = x — a - arctan (;)

(36) J e - al + S arctan (i)
(a2 +x2)2  2(a? +x2)  2a a
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x2%dx X 1 dx
37 _— : 1
( )J(az+x2)” 2D +a) T T2 o) J(az-i—xz)”‘l (n 7 1)
—_———
Fall n = 1: siehe Integral (35) Integral (31)
1 a’ + x?
(38)J (a2 + x2) W'ln( x? )
1 1 + x
39 = — — .1 -
( )Jx(a 2 +x2)2  2a%(a*+x%) 2a* n( x2 )
(40) e (x)
x2 T a’x  a’ arctan a
X 3
41 = - - - - . t -
( )sza + x2)2 a*x  2a*(a?+x?) 2a’ arctan (a)
m72dx m72dx
(42)J J - 7—a2~JX7
(a? + x?2) (a? + x2)n-1 (@a? + x%)n
1
(43)J :_.JL___.J_L
xm +x2 n a2 xm(a2+x2)n 1 a2 xm 2(a2 +x2)n
1 P (px+q9)?*\ 4 x
44 - P (29 L 9 greran (X 0
<>J,,x+q e 5o (G e ()] 6o
X dx 1 a’ + x? X
- i () 4 24p - arctan (2 0
@ [ s “ st [0 (e ge) 2w ()] w20

4 Integrale mit a? — x2 (a > 0)

Hinweis: Die in den nachfolgenden Integralformeln auftretende logarithmische Funktion In ‘ @t x‘
kann auch wie folgt durch Areafunktionen ersetzt werden: a—-x

1n(“+x) :2.ananh(i) fir |x| < a
a

a—+ x a —x
n|T=3l =
1n(x+a):2~arcoth(ﬁ) fir |x| > a
X —a a
1 X .
4 ) N Z~artanh(;) fir |x| <a
x a+x
46 - 1‘ ‘_
( )Jaz— 2 2a a— x
;~arcoth(> fir |x| > a

a+ x
47 - —-1‘ ‘
(“47) J(az—xz)z 2a?(a? —x2)+4a3 g P




Integraltafel 475

(48) J (a2 iixxz)n = 2(n — 1)a2?az —x2)n-1 + z(in__lfaz ' J (a2 _dj:2)n—l (n#1)
Fall n = 1: siehe Integral (46)

(49) J%: —%~ln|a2 — x?|

(50) J (azx_djiz)z - 2(a21_ x2)

(1) J (azxfdfcz)" - 2(n—1) (a12 — x2)n-l (n# 1)
Fall n = 1: siehe Integral (49)

e

(53) J (azxid;)z = 2(a2xf ¥ Rl et

(54) J (azxidjz)n = 2(n — 1) (axz — x2)n-l - 2(n 1, 1) ' J (a2 _d;CZ)n—l (n# 1)
Fall n = 1: siehe Integral (52) Integral (48)

(55) x(azdi x2) - 7#1“ azx_zxz

(56) x(azd_xxz)z 2a2(a? — x2) 2;4 In azx_zx2

(57) xz(azdx— x?) alx+21? ! ‘Zi_i‘

(58) xz(azd)i x2)2 a‘l‘x 2a4(a§fx2) +%'ln‘zfi‘

(59) (@2 —x2)n a? — x2)n 7 x2)n1
dx 1 dx dx
(60) x"(a? — x2)" al J x"(a? — x2)n-1 + a? J xm=2(g2 — x2)n
dx 1 p (px+a)?| ¢ a+x
(6D (px +4q)(a? —x2) a?p?—gq? [2 In a? — x2 2a m‘afx‘ (P #0)
(62) L - ! { o| =2, m‘“”(] (p # 0)
(px +4q) (@> —x?)  2(a*p? - ¢?) (px+ 2| TP M=
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5 Integrale mit ax? + bx + ¢ (a # 0)

Abkiirzung: ‘A =4ac — bz‘

2
Hinweis: Es wird stets A # 0 vorausgesetzt. Fiir 4 = 0 ist ax?> 4+ bx + ¢ = a (x + 2£) .
Die Integrale entsprechen dann dem Integraltyp aus Abschnitt 1. a
2 2ax + b
— - arctan | ———=— fir 4 >0
P e G
) | e -
ax* +bx +c 2 — A
L 2 tb -Vl g 420
V]4] 2ax + b + +/|4]
dx 2 b 2 d.
69 | oo o T P
(ax? + bx + ¢) A(ax? +bx+c¢) 4 ax? +bx+c

Integral (63)

(65)

J dx 2ax + b 2(2n—3)a_J dx (1)

(ax2+bx+c)": (n—1)4(ax>+bx+c)"! * (n—1)4 (ax?2+bx+c)n-!

Fall n = 1: siehe Integral (63)

xdx 1 b dx
6) | ——— = — In|ax?+b e —
( )Jax2+bx+c 2a nlax® 4 bx + cl 2a Jaxz—i—bx—i—c

Integral (63)

(67)

- ax? +bx + ¢

J xdx _ bx + 2c b J dx
(ax?2 + bx+¢)2 A(ax2+bx+c) 4

Integral (63)

(68) J xdx _ bx + 2c 2n—-3)b J dx (n£1)

(ax>+bx+c)"  (n—1)A(ax>+bx+c)" ' (n—1)A4 ) (ax>+bx+c)" !

Fall n = 1: siehe Integral (66) Integral (65)

(69) X = “Injax® + bx + c| +

ax? +bx +c 2a

J px +q ar = 2 Zaq—bp.J dx
2a ax?> +bx +c
| —

Integral (63)

J px +gq _ _(2aqg —bp)x +bg —2cp
(ax? + bx + c)" (n —1)A4(ax? + bx + ¢)"~!

+(2n—3)(2aq—bp)vj( dx (£ 1)

n—1)4 ax?+bx+c)r!

Fall n = 1: siehe Integral (69) Integral (65)
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Integral (63)
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(71)[ x2dx _x b In|ax? + bx + |+b2—2ac J dx
Jax2 +bx+c¢ a 2a? ax rre 2a? ax? +bx +c
Integral (63)
(72) J x2 dx o X + c J dx _
(ax2+bx+c)"  (2n—3alax? +bx+c)" 1 (2n—3)a [ (ax2+bx+c)"
—_—
B (n—2)b J cdx Integral (65)
2n —3)a J(ax2+bx+c)"
—_—
Integral (68)
dx 1 ax?+bx +c b dx
73 1 - | —— 0
( )Jx(ax2+bx+c) 2¢ x?2 2¢ Jax2+bx+c (c#0)

(74) Jx( dx 1 b J( dx

ax? +bx +c)" :2(n —1c(ax?+bx+c)"!

2¢’ ax2+bx+c)”+
—
| dr Integral (65)
—. 1; 0
+c Jx(ax2+bx+c)"‘1 (n# 15 ¢ #0)
Fall n = 1: siehe Integral (73)
x™ dx xmfl
75 = —
(75) J(axz-i-bx—i—c)" (2n—m—l)a(ax2+bx+c)"*1+
(m—1)c J x™=2 dx (m —n)b J xm=1dx
: : 20— 1
2n-m—1)a (ax2+bx+c)”+(2n—m—l)a (ax?2+bx+c)" (m #2n )

Fall m = 2n — 1: siehe Integral (76)

(76) J x2ﬂ*] dx _l J x2n73 dx
(ax2 +bx+c)"  a (ax? + bx +c)*!

C

3 J x2n73 dx 3 E J- x2n—2 dx
a (ax> +bx+c)" a (ax2+bx+c)n
d. 1
m | : -

xm(ax? + bx + )" - (m —1)cxm=1(ax? + bx + c)"~! -

(m+2n-3)a J dx B
(m—1)c x"=2(ax? + bx+ c)"
(m+n-2)0b J dx
xm—l(

(m—1)c ax?> 4+ bx + )"
(m # 1; ¢ # 0) Fall m = 1: siehe Integral (74)
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(78) J dx _ 1 » (px+q)?
(px+q) (ax* + bx+c¢) 2(aq? — bpg+ cp?) ax? +bx+c
dx
2 —bp) | ———7 0
+(2aq p)Jax2+bx+c (p #0)

Integral (63)

6 Integrale mit a> £ x> (a > 0)

Hinweis: Das obere Vorzeichen gilt fiir a> + x3, das untere Vorzeichen fiir a3 — x°.

(a £ x)?
a?F ax + x?

1 1 2x Fa
79) | =2 =+ " - arct
(79) Ja3ix3 6a? n +a2\/§ arcan( a\/g)

(80) J (a® :‘Iizxx3)2 - 3a3(a:i x3) + 971115 I aZ(:z jztxxf)ﬂ * 3a52\/§ - arctan (i%)
(81) Ja3xjxx3 = é - In «’ (:Zixx;;xz + a2i/§ - arctan (22\:/%‘1)

(82) J (a3xidfc3)2 - 3a3(ax32:|: O 181a4 I az(qa: ixx;xz * 3a41\/§ - arctan <22\:/F§a>
(83) Jx(a3dix3) ﬁdn a3"T3x3

7 Integrale mit a* + x* (a > 0)

dx 1
84 = -1
(84) Ja4 +x* 4243 "

x2+a\/§x+a2
x2 —av2x + a?

x dx 1 x?
(85) Jai“ el el arctan (a—z)

dx 1 x*
86) | -
(86) Jx(a“—i—x“) 4q4 n<a4—|—x4>

8 Integrale mit a* — x* (a > 0)

dx 1 1
(87) J =—~ln‘a+x‘+m-arctan(§)

a* — x*  4a3 a— x
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xdx 1 a’ 4+ x
(88) Ja“—x“ i Moo
dx 1 a* — x*
(89) Jx(a4 —x*) T 444 In x4

vax +b (a
(9 )J\/ax—i— dx— \/(ax—ﬁ— )

# 0)

9 Integrale mit

Jx\/ax+ dx = (3(1;;2[)) (ax + b)’
Jx vax + bdx = 2 (ax + b)’ —ﬂ‘Jx”_lvax—é—bdx
" (2n+ 3)a 2n+ 3)a
Vax +b dx
d=2\/ax+b+b~J7
J xvax + b
—_———
Integral (99)
(94) J\/ax—O—b d vax + b " a J dx
b S IR e BT It S
x2 X 2 xvax + b

———
Integral (99)

3
Vax + b (ax + b) 2n —5)a Vax + b
Y=z 7 = _ — . 1;
(93) xn d (n—1)bx""1 2(n—-1)b J xn-1 dx (n# 1 b #0)
Fall n = 1: siehe Integral (93)
dx 2
96 ——— = —-Vax+b>b
(96) vax + b a a
x dx 2(ax — 2Db)
7 = -/ b
(9 ) /—ax i b 3a2 ax +
(08) J x"dy  2x"Wax + b  2nb J X" dx
Vax+b  (2n+1)a (2n+Da ) Vax+5b
1 Vax + b— b "
—  In|——nm+ fir b >0
dx Vb Vax + b + Vb
99 _— =
( )Jx\/ax+b ax + b
——— - arctan flir b <0
N |b]
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dx _ _Vax+b = (2n-3)a dx )
(100) Jx"\/ax +b5  (n—Dbx=! 2(mn—1)b Jx"*l\/ax +b (n# 156 #0)

Fall n = 1: siehe Integral (99)

(101) J\/(ax+b)3dx:%- \/(ax + b)°
(102) J\/ax-l—b dx—LbM—2 (n #—=2)

(n+2)a
Fall n = —2: siehe Integral (2)

(103) Jx\/(ax + b)dx = ﬁ {5 \/(ax + b)) - 7b\/(ax + b)S]
(104) Jx (ax 1 5) dv — 24/ (ax + b)n+4 2by/(ax + b)n+2 vt a

(n+4)a> (n+2)a?

Fall n = —2, —4: siehe Integral (4) bzw. (5)

ax—l—b 5 J dx
(105) \/ (ax + b) +2b\/ax+ +b- -
\/ xvax + b

—_———
Integral (99)

(106) J;dx:a—zz{\/ax—MJr

b } _ 2(ax + 2Db)
(ax + b)®

vax + b a?+vax + b

10 Integrale mit +ax + b und px + g

Abkiirzung: ’ A =bp —aq ‘

Hinweis: Es wird stets 4 # 0 vorausgesetzt. Fir 4 = 0 ist px + g = E (ax + b).
Die Integrale entsprechen dann dem Integraltyp aus Abschnitt 9.
2 b b) —
Vax b . fﬂzi?’xa fir p>0,4>0
o J,im o P plax + b) +
px+q
2 b 2,/|4 b
ax+o 4] - arctan M fir p>0,,4<0
P I/ 4]

vax + b _ Vvax + b a . dx
(108) J(px+q)" D= ) pa g T2 1) J(px+q)”‘1\/——~ax+b

Fall n = 1: siche Integral (107) Integral (111)

(n# 1)
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px +q 2(apx +3aq — 2bp) Vax + b
(109) dx = :
vax + b 3a

1 ‘I Vplax +b)— VA4
0 Vpa Vplax +b) + V4

(10 J(px—l—q) Jax +b

fir 4>0, p>0

#wlrctan plax +b) fir 4<0, p>0
NIZ) |41
(111) J dx _ vax + b B
(px 4+ q)" Vax + b (n—1)A(px + g)n!

_(2n—3)a.J~ dx
2004 | pxr a9 Vax b

(n#1)

Fall n = 1: siehe Integral (110)

11 Integrale mit +ax + b und +/px + q (a,p # 0)

Abkiirzung : ‘ A =bp —aq ‘

_[2a(px+q) + 4] V{ax +b) (px +q)
4ap

(112) J Viaex +b) (px + q) dx

A2 J‘ dx
8ap ) \/(ax + b) (px + q)
Integral (114)

px +q Viax +b) (px+q) 4 J dx
113 dx = = .
(113) J\/ax—i-b a 2a Viax +b) (px + q)
Integral (114)
2 ..
. ﬁ~ln‘\/a(px+q)+\/p(ax+b)’ fir ap >0

(114) J

V(ax +b)(px + q) B plax + b)

2
— ——— - arctan — fir ap <0
lap| a(px + q)

dx
Viax+b)(px+4q) ap 2ap J%(ax+b) (px +4q)
Integral (114)

(115) J x dx _Vlax+b)(px+4q) aq+bp
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12 Integrale mit +va? + x2 (a > 0)

(116)

J\/az-l—xzdx:

= =

[x a? + x2 + a? - arsinh (i)]
a

[x a2+x2+a2~ln(x+ a2+x2)] =

(117)

1
Jx a2+x2dx:§ (a? + x?)°

(118)

1 2
szx/a2+x2dx:Zx (a2+x2)3—% [x a2+x2+a2-ln(x+ a2+x2)]:

1 2

=g V@ )t -

[x a? + x2 + a? - arsinh (2)]

(119)

1 2
¥3 /a2+x2dx:§1/((l2+x2)5 _% /(a2 + x2)°

a+ Va? + x?

Va? + x?
X

(120) dx = Va?>+x?—-a-Ihn
X
a2 2 a2 2
(121) ai—;xdx:_a—-i-x_i_ln(x_’_ a2+x2):
x x
2 2
= a’tx + arsinh (—)
X
(122) Va? + x2 dx__\/a2+x2 —L~1 a+ Va? + x?
x3 - 2x2 2a X

(123)

(124)

(125)

(126)

3
J x> dx :l (a2+x2)3 —a2/a? + x2

(127)
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d 2 2
(IZS)J X _ _Va 2+x
x2vVa? + x2 a‘x

dx a? + x? 1
(129) = — T3 T 53
x3vVa? + x2 2a’x 2a’

3 3
/(a2 2)3 gy = ‘(a2 2)3 2 vaz2 2 4. 2 2| =
(130) J (a?+x2)" dx {x (@a2+x2)" + =a*xVa?+x*+ —a* - In (x +Va*+x )}

a+ Va? + x?
X

- In

ENE

1 > 2\ 3 3 2 ) ) 3 4 . X
SIS ot ()
4{x (a +x)+2ax a+x+2a arsinh |~
(131) Jx (@ + x2)  dx = /(a2 + x2)°
2 4
(132)J.x2 (a2 +x2)’dx = — x (a2+x2)573—4x (a? + x?)° %X\/a2+x2f
ab

__.1< 2 2):
6 nix+ vas+x

1 2 4
= — xy/(a? + x2)° -4 xy/(a? 4+ x2)* — a—x\/a2 + x2—
6 24 16
6

a . X
16 arsinh (2)

@) o
(133) Jidng\/m-Faz\/az—&-)ﬂ—asdn %
(a2 + x2)° (@2 +x2)° 3 3
- 5 = - — — 2 2 = .2, 2 2 _
(134)J o) dx e +2x a? +x +2a ln<x+ a+x>
@ +x)° 3 3
:7¥+*Xva2+x2+fa2-arsinh(£)
X 2 2 a
dx X
(135)J _
(@? + x2)? a2 \Va? + x2
x dx 1
(136) Ji,_i
(a2 + x2)° Va? + x?
xzdx X x X
(137) J—:_i_'—ln x+ Va* +x?) = - ——=——=—— + arsinh (—
Ty vl )=~ e )
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1 2
(143) XZVQZ_xzdx:_Zx (a2_x2)3+% [x a? — x2 + a” - arcsin (2)}

1 2
(144) | x> Va2 —x2dx = 5 (a? —x2)° — % (a? — x?)°
2 _ 2 2 _ 2
(145) | X=X e — Var g |4E Ve Y
x x
Va2 — 52 2 _ 2
(146) J aizx = — 22 T aresin (—)
x x
Va? — x? Va? — x2 1 a+ Va2 —x?
(%) A Ay M Lt SR B T e e
x3 2x2 2a X
(148) & = arcsin (i)
w2 — x2 a
dx
(149) * = Va2 —x2
w2 — x2
2 1 2
(150) v ——xVa? —x2 + % . arcsin (—)
a? — x2 2 2
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(151)

X

Q
I\-)><"J
& S
N
(98]

(152)

=

)
8]
|

=
(5]

dx a? — x?

(153)

=
N
|

(154)

(155)

—
Q
N
I
=
N
=
w
&
Il
-l>|»—
| — |
=
—
Q
N
|
-
[}
=
W
4
| W
Q
]
=
Q
N~
I
-

N
4
| W
Q
N
g
2.
=]
|
N——
—_

(156)

=
—
IS}
S}
I
=
S}
~—

(157)

—_— — (S —_— —_— — —
=
w
Q Q ‘
N§“‘ S}
= =
¥} ¥}
Il
Q
S}
|
=
S}
—

a? — x2)3 1 Va2 — x2
(158) J ( ) dx = 5 (a? — x2)3 +a*Var—x2—-a’>-In atvar =X
x x
a? — x2)3 a? — x2)3 3 3
(159) J ( 3 ) dx = — ( ) - = xVa? —x? — 7 a’ - arcsin (—)
x x
(160) J dx _ X
(az _ x2)3 a? a? — x2

(161)

(162) J (xzdx

d 1 1
(163) J a = — — I
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dx 2x% — a2

1
(165) xzfade=§[x\/x27a27a ln’x+\/x27a2H
1
(166) | x Vx?—a?dx = 3 \(x2 = a?)?
1 2
(167) | x2 xzfazdx:Zx (x27a2)3+%[xvxzfaz—az»ln‘x+vx27a2H
1 2
(168) | x3 xz_azdngw(xz_azf_‘_%V(xz_az)S
2 _ 42
(169) a o = x2—a2—a-arcc0s‘i‘
x x
2 _ 42 Vx?2 — g2
(170) %dxr—%—i—ln’x—i—\/xz—az‘
x2 —a? x% —a? 1 a
(171) de——T-l—ﬁwlrccos‘;‘
d
(172) S S ln‘x+ Va? — aZ‘ = sgn (x) ~arcosh‘£‘
©2 — a2 a
(173) x dv = Vx?—a?
x2 —a?

2d 1 2
L xz—az-i-%-ln‘x—}— sz—a2’

x2 — g2 2
x3 dx 1 3 2\/7
(175) | ——==5 y(*? —a?)” +a”Vx?2 —a?
Vx2 _ g2 3
dx
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(180)

(181)

J

(179)J (xz—a2)3dxzz{x (x2—a2)® = 2 a2y x2—a2+%a4vln‘x+mu
J
J

x? (x2fa2)3dx:gx (x27a2)5+a—4x (x27a2)37a—x x2 —a’+

(182)

(x? —a?)’ (x? —a?)’ 3 3
(183) Jx—de:—i-‘rEx xz—a2—5a2~1n‘x+\/x2—a2‘

(184)J ( dx _ x

(185) J(dezl

2
(3 [—E = - X[+ Vi e
(X2 . 02)3 1/x2 _ a2

a
+ arccos | —
X

(187)

J' dx _ 1 1
xy/(x27a2)3 a?Vx? —a? a’

(188)

J' dx _ a’ — 2x?
x24/(x2 — a2)3 a*xVx? —a?
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15 Integrale mit vax? + bx +c¢ (a # 0)

AbKkiirzung: ‘A =4dac — bz‘

b
Hinweis: Es wird stets A4 # 0 vorausgesetzt. Fir 4 = 0 ist Vax?+ bx + ¢ = v/a (x + 2—) .
Die Integrale entsprechen dann dem Integraltyp aus Abschnitt 1. a

2 b A d
(189)]\/ax2+bx+cdx:$ ax2+bx+c+—-J—x
4a 8a Vax? + bx + ¢

Integral (194)

1 b(2 b
(190) Jx ax2+bx+cdx=3—- (ax2+bx+c)3f%\/ax2+bx+cf
a a

_ bAa J dx
16a* Vax? +bx + ¢

Integral (194)

(191) sz Vax? + bx + cdx - (6ax — 5b) \/(ax? + bx + ¢)* +

24a?
5b% — 4ac \/7
0P T aac 2
+ 642 J ax? + bx + ¢ dx
Integral (189)
Vax?+b b dx dx
(192) [ IR - Varrvbrre+ g | e e | e
X 2 Vax*+bx+c xVax*+bx+c
[ S —
Integral (194) Integral (197)
1+b 245 d b dx
(193) Jiwdx——iwm+af—x+*~]—
X x Vax +bx+ec 2 xVax*+bx+c

Integral (194) Integral (197)

1
-ln‘Z\/E\/axz + bx + c+ 2ax+b‘ fir a >0

a

S

2 b
d ax—i—) fir a>0,4>0

(194) J m = % - arsinh (T

1 2 b
— - arcsin <£> flir a <0, 4<0
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(199)

J \(ax? + bx + ¢)?dx =

(195) J x dx Vax? + bx + ¢ b J dx
Vax? + bx + ¢ a 2a Vax? + bx + ¢
Integral (194)
2 dx 2 —3b 3b2 — 4 d.
(196)J i = ax2 ax®> +bx +c+ zac.J ul
Vax? +bx + ¢ 4a 8a Vax? +bx + ¢
Integral (194)
1 2vVevax?+bx+c+bx+2c¢ .
——-In flir ¢ >0
Ve x
dx 1 b 2
(197) J — { ——_ . arsinh (u) fir ¢>0, A4>0
xvVax? +bx +c Ve VA x
1 b 2
- arcsin (u> fir ¢c <0, 4<0
lc] V4| x
(198) J dx _\/ax2+bx+c b J dx
x2vVax? +bx + ¢ cx 2c xVax? +bx +c
Integral (197)
2ax + b

34
\(ax? + bx + ¢)? +16_a'J ax? + bx + cdx

Integral (189)

8a

(200)

Jxx/(ax2 +bx+ ¢)dx

1 2 5 b J 2 3
52 \(ax? + bx + ¢) 7a \/(ax? 4+ bx + ¢)” dx

Integral (199)

(¢ #0)

(201) J dx . 4ax + 2b

(ax? 4+ bx +¢)° AVax*+bx+c
(202) J X dx _ 2bx + 4c

(aJCZererc)3 AVax? +bx + ¢

d 1 1 d b d
ooy [ A &bl e
xy/(ax? +bx+c)? eVax2+bx+c € JxVax?+bx+e 2¢ (ax®+bx+c)’
—

Integral (197) Integral (201)
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16 Integrale mit sin (ax) (a # 0)

Hinweis: Integrale mit einer Sinusfunktion und einer
— Kosinusfunktion : siche Abschnitt 18
— Exponentialfunktion: sieche Abschnitt 22
— Hyperbelfunktion: siche Abschnitt 24 und 25
(204) J sin (ax) dx = _ oo (@)
x sin(2ax) x  sin(ax) - cos (ax)
2 2 z_ 2\ _ =227\ e
(205) J sin” (ax) dx 2 1a 2 7
3
(206) Jsm __cos (ax)  cos? (ax)
a 3a
inn—1 . —-1
(207) J sin” _— (ax) - cos (ax) + 1z . J sin”~2(ax) dx (n #0)
na n
(208) Jx sin ( _ sin (Zx) _ x - cos (ax)
a a
(209) Jx sin (ax) dx _2x- 51121 (ax) (a?x? — 2)3 cos (ax)
a a
n. Cxtl g -1
(210) Jx sin ( AR (ax) y 2t 5 sin (ax) _ n(n 3 ) J x"72 . sin (ax) dx
a a a
(n=2)
sin (ax) (ax)®  (ax)3
(ZII)J . dx = ax 3.3!-1—5.5! + ..
(Potenzreihenentwicklung: Konvergenz fiir |x| < o)
(212) J sin (gzx) de — — sin (ax) ta. J cos (ax) dx
x X X
| ——
Integral (235)
sin (ax) sin (ax) a J cos (ax)
213 —dx = — . d 1
(213) J xn o (n—1)x"=1 n-1 FrE (n # 1)
—_———
Fall n = 1: siehe Integral (211) Integral (237)
(214) J e Ly, ’tan(ﬂ) ‘
sin (ax) a 2
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dx cot (ax)
215 = —
(213) J sin? (ax) a
dx cos (ax) n—2 dx
216 = — . 1
(216) J sin” (ax) a(n — 1) -sin"~1(ax) + n—1 J sin”=2 (ax) (n>1)
Fall n = 1: siehe Integral (214)
) .
") X x - sin (2ax) cos (2ax)
(217) J x - sin” (ax)dx = U P T ga?
x dx x - cot (ax) 1 .
218 - 1
(218) J sin? (ax) a + a? n [sin (ax)|
dx 1 T ax
219) | — == ¢ (— —)
( )Jli51n(ax) TG T
2 . 2
2 (M) fir > g2
) [ v v
p + q - sin (ax) | 1 p-tan (ax/2) + g — /g% — p? ) 5 5
- In fir p° <gq
av/q* — p? p-tan(ax/2) + q + /q* — p?
Fall p? = ¢?: siehe Integral (219)
x dx X T oax 2 T ax
) [ - ) s A ()
( )J1+s1n(ax) a g Z)Jra2 B AN 2
X dx X Toax 2 T oax
(i) d el (g
( )Jl—sm N\ )ty T
sin (ax) dx 1 T ax
22 =4+ - <f 7)
(3)Jlis1n x+a tan4q:2
sin (ax) dx X P dx
(224)J :———~J—. (g #0)
p+ g - sin(ax) q q p + g - sin (ax)
| S —
Integral (220)
dx 1 ax q dx
225) | — : =—~l‘t (—))—f.J— 0
(225) Js1n(ax)[p+q-sm(ax)] ap ) p p + g - sin (ax) (p 7 0)
Integral (220)
i - b i b
(226) J sin (ax) - sin (bx) dx = sz(gz — b; *) _ sz(éz j: b; D@2 2 Y
Fall a? = b?: siche Integral (205)
1 b
(227) J sin (ax) - sin (ax + b) dv = — - sin (2ax + b) + (COS‘ )
a
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17 Integrale mit cos (ax) (a # 0)

Hinweis: Integrale mit einer Kosinusfunktion und einer
— Sinusfunktion: siche Abschnitt 18
— Exponentialfunktion: sieche Abschnitt 22
— Hyperbelfunktion: siehe Abschnitt 24 und 25
sin (a x)
(228) | cos (ax)dx =
a
x  sin(2ax) x  sin(ax) - cos (ax)
22 2 de = — 4 228 _ %
(229) | cos” (ax) dx >t 5+ 72
sin (ax)  sin?(ax)
230 3 dx = -
(230) | cos” (ax) » P
n—1 o —1
231) [ cos” (ax) ax = (@) ~sin(ax) n =1 J cos"2ax)dx  (n # 0)
na n
(232) Jx - cos (ax) dv — cos (ax)  x - sin (ax)
a? a

Fall n = 1: siehe Integral (235)

————
Integral (213)

2x - 2x2 —92) . s
(233) [ x2 - cos (ax) dx = x cozs (ax) n (a*x )3 sin (ax)
a a
" el 9
(234) | x" - cos (ax) dx = x" - sin (ax) + 27 cos (ax) _ nin ), J x"72 . cos (ax) dx
a a? a?
(n=>2)
cos (ax) (ax)?  (ax)* (ax)$
2 — =1 — — — ...
(235) dr=Inlax| =+ T 61 T
(Potenzreihenentwicklung: Konvergenz fiir |x| > 0)
(236) cos (Zax) g = _ 58 (ax) 0. J sin (ax) &
X x x
—_———
Integral (211)
cos (ax) cos (ax) a sin (ax)
237 dx = — — . 1
(237) x" " (n—1)x=1 n-1 a1 (n 7 1)

(238) Jcosdﬁ =~ (5 + 7))
o [ e <t
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dx sin (ax) n—2 dx
240 = . 1
(240) J cos” (ax) a(n —1)-cos" ! (ax) R J cos”~2 (ax) (n>1)
Fall n = 1: siehe Integral (238)
2 .
2 _ x* x-sin(2ax)  cos (2ax)
(241) Jx cos” (ax) dx = 2 + P + P
x dx x - tan (ax) 1
(242) J cosZ (ax) = p + P In | cos (ax)|
dx 1 ax
23) |t =~ tan ()
(243) J1+cos(ax) PR
dx
244 - - t<—
(244) Jl—cos(ax) a )
2 — . 2
—— arctan <(p 9) = tan (Zx/ )> fir p?> g2
dx avp?—q P?—q
(245) J L
p + q - cos (ax)
! L JRR CLECEVE) A el il (A B
av/q*—p? (¢ —p) - tan (ax/2) — /g = p?
all p* = ¢g*: siehe Integra zw. Integra
Fall p2 = ¢2: siche Integral (243) bzw. Integral (244)
X dx X ax 2 ax
) [t =2 () + B ()
(246) Jl+cos(ax) tan 2 +a2 njeos 7
x dx X ax 2 ax
247) | = = Do (D) + 5 fsin (2]
( )Jl—cos(ax) a '\ +a2 npsm s
d
(248) J cos (ax) dx T S, (_)
1 + cos (ax)
cos (ax) dx ax
249 = —x—— t(_)
(249) Jl—cos(ax) * 2
(250) J cos (ax)dx _ x p J dx (g # 0)
prq-cosax) q q Jp+g-cosax) I

Integral (245)

(251) J cos (ax) [p —ixq - cos (ax)] - # Injtan <% + %)) B % . J p+gq -d)(czos (ax) (p#0)

Integral (245)

sin ((@ — b)x)  sin ((@ + b) x)
2(a —b) 2(a + b)
Fall a? = b?: siche Integral (229)

(a® # b?)

(252) J cos (ax) - cos (bx) dx =

1
(253) J cos (ax) - cos (ax + b) dx = i sin (2ax + b) + —(CO; b) X
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18 Integrale mit sin (ax) und cos (ax) (a # 0)

sin? (ax) 1
254 i . = - . 2
(254) J sin (ax) - cos (ax) dx 7 1 cos (2ax)
o sin”*! (ax)
(255) J sin (ax) - COS (ax) dx = W (l’l # — 1)
Fall n = —1: siehe Integral (293)
cos"*! (ax)
2 i - cos” =9 Wy 1
(256) J sin (ax) - cos” (ax) dx T 1)a (n # )
Fall n = —1: siehe Integral (286)
.2 R _ x _ sin(4ax)
(257) J sin” (ax) - cos” (ax) dx = 3 4
(258) Jsin"’ (ax) - cos™ (ax) dx =
som—1 N (n+1) _
o (ax) - cos (@) m=1 J sin™ =2 (ax) - cos” (ax) dx
(m+n)a m + n
sam+1 . (n—1) _
sin (ax) - cos (ax) n—1 -Jsin’” (ax) - cos™ 2 (ax) dx
(m+n)a m+ n
Beide Formeln gelten nur fiir m # —n. Fall m = —n: siehe Integral (289) bzw. (296)
dx 1
(259) J m = ; - In |taﬂ (ax)'
dx 1 ax @ 1
2 = — |Inftan (&£ 4+ 2)| -
(260) J sin? (ax) - cos (ax) a {n‘ an ( 2 4)‘ sin (ax)}
dx 1 dx
(261) J sin” (ax) - cos (ax)  (m— 1)a-sin” ! (ax) * J sin”~2 (ax) - cos (ax) (m # 1)
Fall m = 1: siehe Integral (259)
dx 1 ax 1
(262) J sin (ax) - cos? (ax) a {ln ‘tan (7)‘ * cos (ax)]
dx 1 dx
(263) J sin (ax) - cos” (ax) (n — 1)a - cos"~! (ax) + J sin (ax) - cos" =2 (ax) (n # 1)
Fall n = 1: siehe Integral (259)




Integraltafel 495

(264) J . dx =
sin” (ax) - cos™ (ax)
1 m+n—2 dx
(n—1)a-sin™ 1 (ax) - cos" 1 (ax) n—1 Jsin’" (ax) - cos"=2 (ax)
1 m+n—2 dx
~(m —1)a-sin" ! (ax) - cos" ! (ax) m—1 Jsin’”*2 (ax) - cos” (ax)

Obere Formel fiir n # 1, untere Formel fiir m # 1.
Fall n = 1: siehe Integral (261); Fall m = 1: siehe Integral (263)

(265) J zi)ns ((Z);)) dx = J tan (ax) dx = — % - In | cos (ax)|
2o [ e = gl (54 5)

(267) Jsin’” (ax) dr — sin” =1 (ax) N J sin”~2 (ax) & (w41

cos (ax) m—1)a cos (ax)
Fall m = 1: siche Integral (265)
(268) J c:: 2(?:;1) = cols (@)
(269) Jcsoi:l"(?ax))c) N =T -lcos"*l @y #D
Fall n = 1: siehe Integral (265)
(270) J % dx = J tan? (ax) dx — ta“fl“x) _x
n — :;namilo(:nf)l (ax) Zlill ' leonsm:z EZX d (n 7 1)
@7) J % D= f;namto(san{)l (ax) . ;f ;r 2 Jcil“'iz(@) de (n#1)
T m — Zl)nailcé:le (ax) Z - ;11 ' J Si:on;;z(a(?c;) (m # n)

Fall n = 1: siehe Integral (267); Fall m = n: siehe Integral (289)

(272) J Z?; ((Z;“)) dx = J cot (ax) dx = % I |sin (ax)|

) [ = - s
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(274) ] sciﬁsn({i,?) &= T ~1sin"—‘ @y 7
Fall n = 1: siehe Integral (272) und (293)
@r5) [ g = L o ) + (%)
) [ g sl st
Fall m = 1: siche Integral (272) und (293)
= 01())5:.7 ;n(li{)' (@) = 1l ’ Jc:smj ((Z;)) IR
o [ SRR e et [0 g
e e (m # 1

Fall n = 1: siehe Integral (276); Fall m = n: siehe Integral (296)

dx 1 ax  m
(278) J sin (ax) £ cos (ax) - ava In ‘tan (7 + ?)‘
sin (ax) dx _x_ 1 .
(279) Sn(ax) £ cos (@) _ 2 F5, In |sin (ax) £ cos (ax) |
(280) J o (:(;S) (j:x():oix(ax) = % + i - In |sin (ax) £ cos (ax) |
dx 1 1 ax
(281) J sin(@x) | £ cos (@x)] T 2all Tcos(@n)] " 2a Jan ()]
dx 1 1 ax @
(282) J cos (@x) [l L sin(ax)] | 2a[l Lsm(@n)] " 2a M jan (5 + )]
sin (ax) dx _ 1 a 1 + cos (ax)
(283) J cos (ax) [l & cos (ax)] a ! ‘ cos (ax)
cos (ax) dx 1 1 =+ sin (ax)
(284) J sin (ax) [1 £ sin (ax)]  a In ‘ sin (ax)
. _cos((a+b)x) cos((a— b)x) ) )
(285) [ sin (ax) - cos (bx) dx = — 2ath) 2@ —h (a® #b7)
Fall a?® = b?: siche Integral (254)
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19 Integrale mit tan (ax) (a # 0)

(286) | tan (ax)dx = — % - In|cos (ax)|
(287) | tan? (ax) dx = tan iax) —x
(288) | tan? (ax) dx = ta“;i‘”‘) + % “1n |cos (ax) |
n"~!(ax
(289) | tan” (ax) dx = % - J @n” 2 (ax)dx  (n % 1)

Fall n = 1: siehe Integral (286)

(290) J tand% - J cot (ax) dx — % I [sin (ax) |
tan” (ax)  tan""! (ax)
(291) Jcosz(ax) T T+ )a (n# —1)
Fall n = —1: siehe Integral (259)
dx _apx+gq-In|q -sin(ax) + p - cos (ax) |
(292) J p+q-tan(ax) a(p®+q?) (@70

20 Integrale mit cot (ax) (a # 0)

(293) J cot (ax)dx = — - In |sin (ax) |
(294) Jcot2 (ax) dr = — 2@ _
(295) Jcot —M—i In |sin (ax) |
2a a
(296) J cot” (ax) dx = — M - J cot" 2 (ax) dx (n#1)
N n—1)a

Fall n = 1: siehe Integral (293)
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dx 1
(297) J oot (@x) = J tan (ax) dx = — o In | cos (ax) |
cot" (ax) , cot""! (ax)
Fall n = —1: siehe Integral (259)
dx _apx —q-In|p-sin(ax) 4 g - cos (ax)|
(299) J p+q-cot(ax) a(p? +q?) 470

21 Integrale mit einer Arkusfunktion (a # 0)

(301)

9

(303) | arccos (%) dx = x - arccos (2) - Va? — x?

|
J
02) [ 27 - arsin (2) ax = 2 arsn (2) + (CH2E) L Var
|
|

(304) | x - arccos (%) dx = <%_az) - arccos (%) - % “Va? — x?

3 2 2 2
(305) | x2 - arccos (1) dx = % - arccos (i> - (u) - Va? - x?
a

(306) | arctan (2) dx = x - arctan (%) —

1
(307) | x - arctan (%) dx = 3 (x* + a?) - arctan (%) - az_x
(308) 2 . arctan (i) dx = x_3 arctan (1) - _ax2 + £ cIn (x2 + a?)
* a) T3 a 6 6
EApN. EARNC NI
(309) J arccot (a) dx = x arccot(a) + > In(x“ +a”)
X 1, ) X ax
(310) Jx - arccot (;) dx = 3 (x* + a~) - arccot (a) +
(311) J 2 . arccot (i) dx = x_3 - arccot (i) + a_x2 - i “In (x? + a?)
* g a T3 a 6 6
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22 Integrale mit e** (a # 0)

(313)

JX‘eade: (ale) _ea)c
a
22_2 2
(314) sz.eaxdx: (w) T

al

. n B
x" - edx = —— | x" e
a a

(315)

et ax (ax)?  (ax)?
=1
de=infaxf+ oty

(Potenzreihenentwicklung; Konvergenz fiir |x| > 0)

(316)

eux e(lX a eux
(317)Jx_ﬂdx:_(n—l)x””—’_n—I.Jxﬂfldx (n5£1)
Fall n = 1: siehe Integral (316)
dx X 1
(318)Jm=;—6’ln|17+4'3“| (p #0)
e dx 1
(319)sza'1ﬂ|l’+me”| (¢ #0)
1 p ax .
- arctan — -e fir pg> 0
dx a\/rq q
(320) J p . eax+ q . e—llX = Vrnmy ax
! ~lnq+ lpal - fir pg< 0
2a+/|pq| g —+Ipaql e
ax . 1 ax
(321) Je‘”-lnxdx:e nixl_ ~Je—dx
a a X
—

Integral (316)

(322) J e . sin (bx) dx = ﬁ [a - sin (bx) — b - cos (bx)]

ax | gnn—1 b
(323) J e . sin" (bx) dx = %’ﬂbg") [a - sin (bx) — nb - cos (bx)] +
n(n —1)b?

m . J et . Sin”fz(bx) dx
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(324) J e . cos (bx) dx = azev [a - cos (bx) + b - sin (bx)]
ax n—1
(325) J e - cos” (bx)dx = % [a - cos (bx) + nb - sin (bx)]+
n(n —1)b? ax e
a(z-‘,-% . J € - COS Z(bx) dx
(326) Je‘” sinh (ax) dx = S X
aX = 2
(327) J e . sinh (bx) dx = ﬁ [a - sinh (bx) — b - cosh (bx)] (a® # b?)
Fall a?® = b?: siche Integral (326)
(328) J e . cosh (ax) dx = e +
ET T
(329) J e . cosh (bx) dx = ﬁ [a - cosh (bx) — b - sinh (bx)]  (a® # b?)

Fall a? = b?: siehe Integral (328)

(330) Jx e . sin (bx) dx = % [a - sin (bx) — b - cos (bx)] —

- (azi—bz)z (a2 — b?) - sin (bx) — 2ab - cos (bx)]
(331) J x - e . cos (bx)dx = axz-Te“b"z [a - cos (bx) 4+ b - sin (bx)] —

- ﬁ (a2 = b2) - cos (bx) + 2ab - sin (bx)]
23 Integrale mit Inx (x > 0)

Hinweis:

Integrale mit einer Logarithmus- und einer Exponentialfunktion: siehe Abschnitt 22.

(332) Jlnxdx =x-Inx —x=x(Inx — 1)

=x(Inx)? = 2x - Inx +

(333) J (In x) % dx

2x = x[(Inx)? — 2 - Inx + 2)]

(334) J (In x)3 dx

x(Inx)® = 3x(Inx)? + 6x-Inx —6x = x[(Inx)® —3(nx)2 +6-Inx — 6
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(335)‘[Unx)"dx — x(nx)" — n~![ﬂnx)"7ldx (n £ —1)

Fall n = —1: siehe Integral (336)
dx In x (Inx)?2 (Inx)3

(337) Jx - Inx dx :%xz (lnx — %)

(338) sz - In x dx :%xs (lnx — %)

m xm+l
(339) | x™ - Inxdx = Inx —
m+ 1 m+ 1

Fall m = —1: siehe Integral (340)

) (m £ —1)

1 1
(340) J % dx = = (Inx)?

X = — - (m #1)

xm (m — 1) xm-1 (m — 1)2xm-1

Fall m = 1: siehe Integral (340)

] 1 |
(341) [ Xy nx

(Inx)" (In x)"+!
342 dx = -1
o) [ = Bz o)
Fall n = —1: siehe Integral (343)

@mj D nmx| (1)

X —a

x-Inx
m 12 1 3
(344) J;xdx =In|lnx| + (m+ 1)lnx +% (In x)? +% (nx)*+... (x#1)
m+1 1 n
(345) Jxm S(Inx)"dy = — +(I1”) - mj— z [ X" (nx)"ldx  (m# —1)
Fall m = —1: siehe Integral (342)
xm xm+l m+ 1 xm
4 - _ . 1; 1
(346) J(lnx)" dx (n—l)(lnx)"*l—i_n—l J(lnx)"*ldx (71 x# 1)
Fall n = 1: siehe Integral (344)
(347) J In(x2 4 a*)dc =x-In(x*+a?)— 2x + 2a - arctan (%) (a #0)
(348) Jln(xz—az)dx:x-ln(xz—az)—2x+a-ln(x+a> (x? > a?)
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24 Integrale mit sinh (ax) (a # 0)

Hinweis: Integrale mit einer hyperbolischen Sinusfunktion und einer
— hyperbolischen Kosinusfunktion: sieche Abschnitt 26
— Exponentialfunktion : sieche Abschnitt 22

(349) cosha(a x)

inh (2
sinh? (ax) dx = sinh 2a%) _

x
350 —
(350) da 2

(351)

z
=
=
=
—
R
=
=
&
Il

- . J sinh” =2 (ax) dx (n #0)

na n

x - cosh (ax)  sinh (ax)

J
J
J . sinh”~! (ax) - cosh (ax) n —1
J
]

352 - sinh dx = —
(352) | x - sinh (ax) dx B e
no, h Cen—1 h
(353) [ x" - sinh (ax) ax _x" - cos (ax) n-x 2sm (ax)
a a
-1
+ % - J x"~2 . sinh (ax) dx (n > 2)
sinh (ax) (ax)®  (ax)®

354 —dx =
( )J P P TR P T

(Potenzreihenentwicklung; Konvergenz fiir |x| < oo)

sinh (ax) sinh (ax) a cosh (ax)
355 —dx = — . d. 1
( )J x" " (n—l)x"—1+n—1 J a1 (n# 1)
———
Fall n = 1: siche Integral (354) Integral (369)
dx 1 ax
356 ———— = — - In|tanh { —
(356) Jsinh(ax) a n‘an (2)’
dx cosh (ax) n—2 dx
357 S - : !
(357) J sinh” (ax) (n —1)a-sinh"~!(ax) n—1 J sinh”=2 (ax) (n # 1)
Fall n = 1: siehe Integral (356)
dx B 1 qg-e” +p—+p>+q°
(358) - = ————In T (¢ #0)
p +q-sinh(ax)  q\/p2 44 q - e p?+gq
sinh (ax) dx x J
359) | @V T 0
(359) Jp+q~sinh(ax) g q p+aq- smh(ax) (4 #0)

Integral (358)




Integraltafel

503

sinh ((a + b) x)  sinh ((a — b) x)

2(a + b) 2(a — b)
Fall a? = b?: siche Integral (350)

(360) J sinh (ax) - sinh (bx) dx = - (a® # b?)

a - cosh (ax) - sin (bx) — b - sinh (ax) - cos (bx)
a? + b2

(361) J sinh (ax) - sin (bx) dx =

a - cosh (ax) - cos (bx) + b - sinh (ax) - sin (bx)

(362) J sinh (ax) - cos (bx) dx = a2 1 b2

25 Integrale mit cosh (ax) (a # 0)

Hinweis: Integrale mit einer hyperbolischen Kosinusfunktion und einer
— hyperbolischen Sinusfunktion: siehe Abschnitt 26
— Exponentialfunktion : sieche Abschnitt 22

(363) Jcosh (ax) dx = Sm‘laﬂ
2 _ sinh 2ax) | x
(364) Jcosh (ax) dx = v n 5
n—1 s _
(365) J cosh” ( - ey + - L. J cosh” ™2 (ax) dx (n #0)
na n
(366) J x - cosh (ax) _x- s1nah (ax) B cosl;gax)
" . gsinh Cen—1 h
(367) Jx - cosh (ax) dx _x" - sin (ax) n-x lecos (ax)
+ n(na; 1) J x""% . cosh (ax)dx  (n>2)

(368) JLth(“) dx = In|ax| + (@x)? | (ax)®  (ax)®

2217 4.4176-6!

(Potenzreihenentwicklung; Konvergenz fiir |x| > 0)

cosh (ax) cosh (ax) a J sinh (a x)
369 —— = dx = — . dx 1
(369) J xn . (n—l)x”*1+n—1 xn—1 (n# 1)
—_—
Fall n = 1: siche Integral (368) Integral (355)
dx 2 ax
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(n# 1)

dx sinh (ax) n—2 dx
(371) = - + : —
cosh” (ax) (n—1)a-cosh" ! (ax) n—1 cosh”~2 (ax)
Fall n = 1: siehe Integral (370)

! _lnq~e”+p—~p2—q2 fir ¢ >0, p2> g2
avp?—q’ q-e“+p+Vpi-q’ 7
dx -2
372 = fur 2 _ 42 0
( )JP+q'005h(ax) a(p +q-e®) pr=a?
2 L aax
o fgewn (PR fir p?< ¢?
avq? — p? 72 _p?

cosh (ax) dx X p dx
(373) | ——2dve X Pop . &
p + q - cosh (ax) q q p + q - cosh (ax)

(g #0)

Integral (372)

sinh ((@ + b) x)  sinh ((a — b) x)
2(a + b) 2(a — b)
Fall a?> = b?: siche Integral (364)

(374) J cosh (ax) - cosh (bx) dx = (a* # b?)

a - sinh (ax) - sin (bx) — b - cosh (ax) - cos (bx)
a’ + b?

(375) J cosh (ax) - sin (bx) dx =

a - sinh (ax) - cos (bx) + b - cosh (ax) - sin (bx)
a’ + b?

(376) J cosh (ax) - cos (bx)dx =

26 Integrale mit sinh (ax) und cosh (ax) (a # 0)

. _sinh? (ax) 1
(377) J sinh (ax) - cosh (ax) dx = — 13 cosh (2ax)
(378) J sinh (ax) - cosh (bx) dx = C“Z Ei"jb};) 0 cosg Eg"__bl;) D (£ b?)

Fall a? = b?2: siehe Integral (377)

sinh" ! (ax)

(379) J sinh” (ax) - cosh (ax) dx = "I a (n#-1)
Fall n = —1: siehe Integral (384)
n+1
(380) J sinh (ax) - cosh” (ax) dx = W (n# —1)

Fall n = —1: siehe Integral (382)
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 (ax) - cosh? _ sinh (4ax) _ x
(381) J sinh* (ax) - cosh” (ax) dx = o -
h 1
J Z)I;h ((Z); J tanh (ax) dx = — In (cosh (ax))
sin ax) sinh (ax) 1 .
= — 2. arct h
(383) J cosh ( ax) p - arctan (sinh (ax))
h 1
(384) J :)r?h (Z;C) = J coth (ax) dx = — - In |sinh (ax) |
h?2 h 1
(385) J cos (ax) _ cosh (ax) LI ‘tanh (ﬂ)‘
sinh (a x) a a 2
(386) J 1 In | tanh (ax) |
sinh (ax) ~cosh (ax)  a

27 Integrale mit tanh (ax)

(387) J tanh (ax) dx = % - In (cosh (ax))

(@ # 0)

_ tanh (ax)

(388) J tanh? (ax) dx = -

tanh"~! (ax)
(mn—1)a
Fall n = 1: siehe Integral (387)

(389) J tanh” (ax) dx = —

+ J tanh” =2 (ax) dx (n#1)

dx
tanh (ax)

(390) J

1
= J coth (ax) dx = o In | sinh (ax) |

2 _ x - tanh (ax)

. tanh? _x
(391) Jx tanh~ (ax) dx = 3 p

+ L In (cosh (ax))

a?

28 Integrale mit coth (ax)

1
(392) J coth (ax) dx = o In |sinh (ax) |

(@ # 0)

coth (ax)
a

(393) J coth? (ax) dx = x —
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(394) J coth” (ax) dx = —

Fall n = 1:

coth” ! (ax)
(n—1)a
siehe Integral (392)

+ J coth” =2 (ax) dx (n £ 1)

dx

(395) J coth (ax) -

J tanh (ax) dx = % - In (cosh (ax))

(396) J x - coth? (ax

2
- coth 1

_M+—2-ln|sinh(ax)‘
a

X
Jdx == a

29 Integrale mit einer Areafunktion (a # 0)

(397) | arsinh ( al
a

dx:x-arsmh(x) — Vx% 4 a?
a

(398) | x - arsinh

)
()= (7)o (3) -5 v

4

(399)

J
J
J
-
J
J
|
J

X 2x% — a? X
= = (=" ). Bl R 2 _ g2
(a)dx ( ) ) arcosh( ) 1 X a
L 2 I 2 _ 42
(401) artanh(a)dx—x artanh(a)-i-2 In|a x|
(402) art h(x)d _ax (e h(x)
X anh (— ) dx = > 3 anh ( —
(403) | arcoth (i) dx = x - arcoth (i) +2. In|x? - a?|
a a 2
(404) th(ﬁ)d _ax, (P th (—)
x - arcoth (— ) dv = - 3 arco




